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Abstract

Using a CGM algorithm the betweenness centrality of a very large scale network
with almost 4 million vertices and almost 16 million edges was approximated to within
a ±25% rate of error using only 4 processors in under an hour of computational time.

1 Introduction

The concept of Betweenness Centrality was first introduced by Freeman[8] as a measure of
the importance of a node (actor) in a network based upon how much traffic flows through
them.

For a given graph G = (V,E) that has n vertices, the betweenness centrality (CB(v)) is
measured for a vertex, v by the following:

CB(v) =
∑

s 6=v 6=t∈V

σst(v)
σst

where σst is the number of shortest paths from s to t and σst(v) is the number of shortest
paths from s to t that pass through the vertex v. Two simple examples of betweenness
centrality are shown in Figure 1.

Typical sequential betweenness centrality algorithms use a breadth-first-search which
has a runtime of O(n+m), where n = |V |,m = |E|, and thus an overall runtime of O(n(n+
m)) since a breadth-first-search must be done for each vertex. For large scale networks
this can be quite costly. In order to reduce the amount of time for these computations
approximations can be performed.

The aim of this project is to develop and test a parallel implementation for computing
an approximated betweenness centrality on a real-world, large-scale social network data set.

In Section 2 a review of the relevant literature is presented along with some of the
required mathematics and algorithms that are used. In Section 3 the algorithm used (Sec-
tion 3.1), its performance (Section 3.2), its results (Section 3.3) and limitations (Section 3.4)
for the parallel implementation are shown. Finally, in Section 4 the conclusions are pre-
sented.
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Figure 1: Examples of Betweenness Centrality Measurements: CB[ui] = 1
3 and CB[v] = 1

30 D. Koschützki et al.

cB(v) =
∑

s!=v∈V

∑

t!=v∈V

δst(v) (3.13)

As for stress centrality, the shortest paths ending or starting in v are explicitly
excluded. The motivation for this is that the betweenness centrality of a vertex
measures the control over communication between others.

The betweenness centrality index was introduced in [32, 226] and has found
a wide field of applications. In [226] this new centrality index was introduced
because it is problematic to apply the closeness centrality to a disconnected
graph: the distance between two vertices in different components is usually set
to infinity. With this, the closeness centrality (see subsection 3.2) in discon-
nected graphs will give no information because each vertex is assigned the same
centrality value, namely 1/∞. We will discuss some resorts to this problem in
Section 3.10.

The betweenness centrality does not suffer from this problem: Any pair of
vertices s and t without any shortest path from s to t just will add zero to the
betweenness centrality of every other vertex in the network.

Betweenness centrality is similar to stress centrality introduced in [519], but
instead of counting the absolute number of shortest paths, the shortest-path
betweenness centrality sums up the relative number of shortest paths for each
pair of endvertices. These are interpreted as the extent to which a vertex v con-
trols the communication between such pairs. Figure 3.6 gives an example why
this might be more interesting than the absolute number of shortest paths. It
shows two tripartite graphs in which the middle layer mediates all communica-
tion between the upper and the lower layer. The stress centrality of vertices in
the middle layer is the same in both graphs but the removal of the middle vertex
on the right would disconnect the whole system whereas in the right graph the
removal of a single vertex would not. This is because the former has full respon-
sibility for the communication in its graph whereas on the left side every vertex
just bears one third of it.
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Fig. 3.6. cS(ui) = 16 and cB(ui) = 1
3 , i = 1, 2, 3 and cS(v) = 16 but cB(v) = 1. The

graph shows on an example that stress centrality is not designed to evaluate how much
communication control a vertex has

In [32] the shortest-path betweenness centrality – here called ‘rush’ – is viewed
as a flow centrality: “The rush in an element is the total flow through that
element, resulting from a flow between each pair of vertices”. In this sense,

2 Literature Review

In [4] Brandes provided a sequential algorithm (see Algorithm 1) for computing the be-
tweenness centrality of a graph. His algorithm has a running time of O(n(n+m)) and uses
O(n + m) space for a graph, G(V,E) where n = |V | and m = |E|. His algorithm is very
similar to the standard Breadth-First-Search except with a few modifications. The first is
that a stack is maintained that contains the vertices in the order in which they are visited.
This allows us to work backwards from all of the leaf vertices to the source vertex in order
of distance from the source. The second is that while doing the BFS each vertex maintains
a list of possible back-edges (edges that would lead back to the source) that are the minimal
distance away from the source. Third, a σ value is maintained for each vertex that tracks
the number of shortest paths that go through a vertex. Finally, after the completion of any
BFS computation each element in the stack is popped and a δ value is computed, and, so
long as the vertex currently being examined is not the source vertex, then that δ value is
added to that vertex’s centrality.

A randomized approximation approach was presented in [7] by Eppstein and Wang. It
is a sequential algorithm for computing the closeness centrality of the vertices in a graph.
The closeness centrality metric is similar to betweenness centrality in that it requires the
computation of single source shortest path. The presented algorithm performs a set number
of iterations and for each generation uniformly at random selects a vertex from the graph
and solves the single source shortest path problem for it. After completing the set number
of iterations an estimate is obtained where each estimated value should probabilistically fall
within an error range.

Building upon this in [9], Jacob, Peeters et al. used a similar technique in order to
approximate the betweenness centrality for each vertex of a graph. Instead of performing
n iterations of single source shortest path computations (one for each vertex) like Brandes
does they chose K sample vertices and perform the SSSP computations for just those K ver-
tices. This reduces the running time cost of their algorithm to O(K · (n+m)). The K value
they chose to use is Θ(logn/ε2), where ε is a very small constant. This choice for K means
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that |ĉB(v)− cB(v)| ≤ εn(n− 1) with probability 1/n where ĉB(v) is the approximated be-
tweenness centrality for vertex v and cB(v) is the actual betweenness centrality for vertex v.

In [12], Yang and Lonardi present an MPI implementation of a clustering algorithm
that utilizes betweenness centrality for detecting clusters in protein-protein interaction net-
works. The betweenness clustering algorithm requires multiple iterations, each of which
computes the betweenness centrality for the entire graph. The running time for this is
stated as O(nm2). Once again, the algorithm presented by Brandes[4] is used because of
its O(nm) runtime. Each of the centrality computations (breadth first search, summing of
pair dependencies) for each vertex is done in parallel. In order to accomplish this each of
the processors receives their own copy of the graph. During each iteration of the clustering
algorithm, after the betweenness centrality is computed, each processor removes the same
set of edges in order to stay in synch.

Algorithm 1: Betweenness centrality in unweighted graphs
CB[v]← 0, v ∈ V ;
for s ∈ V do

S ← empty stack;
P [w]← empty list, ∀w ∈ V ;
σ[t]← 0, t ∈ V ;σ[s]← 1;
d[t]← −1, t ∈ V ; d[s]← 0;
Q← empty queue;
enqueue s→ Q;
while Q not empty do

dequeue v ← Q;
push v → S;
foreach neighbour w of v do

// w found for the first time?
if d[w] < 0 then

enqueue w → Q;
d[w]← d[v] + 1;

// shortest path to w via v?
if d[w] = d[v] + 1 then

σ[w]← σ[w] + σ[v];
append v → P [w];

δ[v]← 0, v ∈ V ;
while S not empty do

pop w ← S;
for v ∈ P [w] do

δ[v]← σ[v]
σ[w] · (1 + δ[w]);

if w 6= s then
CB[w]← CB[w] + δ[w];
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3 Approximated Parallel Betweenness Centrality

3.1 Algorithm

In order to parallelize the computation of the approximation of betweenness centralities we
use the Coarse-Grained Multi-computer model[6] and use a similar approach as mentioned
in [12]. The major difference to our algorithm is that we are going for an approximation
and thus we will not need to do all n SSSP computations. Instead, we borrow the approach
for sequential approximated betweenness centrality[9] and implement it to work in parallel.
The following is a high-level description of the process:

• Each processor loads the graph into local main memory

• Given the sample size, K, have p0 do the following:

– Adjust K to distribute evenly among the processors and to fully utilize resources
(within limits)

– Take a random unique subset of size K from the vertices of the graph G

– Send K/p sample vertices to each processor

• Each processor receives local sample subset, a unique set of K/p sample vertices,
from p0

• Each processor runs one iteration of the modified Brandes betweenness centrality
algorithm (see Algorithm 2) for each v ∈ local sample subset

• Each processor distributes a subset of the centrality values it has computed to the
other processors

– Each processor sends to pi the subset indexed by [i · np , (i+ 1) · np )

• Each processor receives p · np centrality values, incoming centralities, where each n
p

is for the same set of n
p vertices

– Set the centrality of some pre-determined vertex (at index i), to be

n

K
·
p−1∑
j=0

incoming centralities[i+ j · p]

In the presented algorithm we can see that there are only two h-relations. The first
occurs when p0 divides the K sample vertices among all processes and the second occurs
when each processor sends a subset of its results to all other processors. Also, note that
the modified betweenness centrality (Algorithm 2) is merely a single iteration of the normal
sequential algorithm as shown in Algorithm 1.

3.2 Analysis

From [4] we know that we can compute the betweenness centralities for all vertices of an
unweighted, undirected graph, G, in O(n(n+m)) time. Instead of computing the between-
ness using all n vertices we can compute an approximation using only K = Θ(logn/ε2)
sample vertices as seen in [9]. This leaves us with an overall running time of O( logn

ε2
(n+m))
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Algorithm 2: Modified Betweenness Centrality - Runs the betweenness algorithm
for only the given source vertex

Input: s: The source vertex
S ← empty stack;
P [w]← empty list, ∀w ∈ V ;
σ[t]← 0, t ∈ V ;σ[s]← 1;
d[t]← −1, t ∈ V ; d[s]← 0;
Q← empty queue;
enqueue s→ Q;
while Q not empty do

dequeue v ← Q;
push v → S;
foreach neighbour w of v do

// w found for the first time?
if d[w] < 0 then

enqueue w → Q;
d[w]← d[v] + 1;

// shortest path to w via v?
if d[w] = d[v] + 1 then

σ[w]← σ[w] + σ[v];
append v → P [w];

δ[v]← 0, v ∈ V ;
while S not empty do

pop w ← S;
for v ∈ P [w] do

δ[v]← σ[v]
σ[w] · (1 + δ[w]);

if w 6= s then
CB[w]← CB[w] + δ[w];
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for the sequential algorithm. Since each single source shortest path computation performed
is independent from the next the Θ( logn

ε2
) sample vertices can be computed independently

from each other, and thus in parallel. As a result our total running time ends up being
O(Kp (n+m)) where K = Θ( logn

ε2
)

The memory usage requirements for Brandes’ original algorithm are O(n + m) and in
fact, whether doing just one iteration or all n, the worst case memory usage requirements
remain the same. Thus, each processor will use at least the same amount of memory as
the sequential version. Examining our algorithm we can see that we add an additional two
data structures. The first is a list of sample vertices that the processor is to use as the
source vertex. Since we will never exceed the number of vertices we know that this list adds
at most an additional O(n). Furthermore, when we receive the subset of vertices from all
other processors in the second h-relation, we will receive at most p · dnp e values, which is
also O(n). Therefore we still maintain a O(n+m) memory usage.

3.3 Results

Unfortunately few results were able to be obtained. Using a graph with 108388 vertices
and 203785 edges with a K u 100 and the number of processors varying from 1 to 50
resulted in a performance and speedup as shown in Figure 2 and Figure 3. At roughly the
15 processors mark the performance and speedup becomes very disappointing. This is likely
because at the 15 processor mark the communication cost starts to overtake the benefit of
the additional processors. If we look only at the plot where p ≤ 15 in Figures 4 and 5 the
performance and speedup begin to look better.

Using the full data-set of 3986232 vertices and 15726860 edges and K = 100 (an approx-
imate 25% error rate) on four processors showed promising results for running with a large
set of data in a parallel environment. The total time required for this was 3190.81 seconds.
From this it was determined that an approximate 115 seconds (or about 2 minutes) was
spent by a single processor doing a single modified breadth first search (as seen in Algorithm
2).

3.4 Limitations

One of the major constraints of this approach is physical memory limitations. Upon testing
our implementation it was found that, on average, loading a graph with 3986232 vertices
that contained 15726860 edges would consume approximately 1.2 Gigabytes of memory on a
32-bit machine. The time, on average, associated with loading this graph was 145 seconds.
If we were to use an even larger and/or denser graph both the memory usage and loading
time would degrade even further.

4 Conclusion

Theoretically approximated betweenness centrality is well suited to being computed in a
parallel environment. Unfortunately problems encountered while trying to test various
graph and processor count combinations have resulted in a lack of abundant quality results.
What we were able to see on the smaller subset of the graph is that the algorithm does
scale up to a point. Being able to try again at using the cluster to test the full data-set, and
having it give results, would be interesting to see since on a very large graph we were able
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Figure 2: Runtime Performance of a subgraph from data-set with |V | = 108388, |E| =
203785,K u 100
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Figure 3: Speedup of data shown in Figure 2
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Figure 4: Subset of Figure 2
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Figure 5: Subset of Figure 3

0 2 4 6 8 10 12 14
Number of Processors

0

2

4

6

8

10

12

14

Sp
ee

du
p 

S(
p)

actual
ideal

8



to compute the centralities, within a ±25% range of error on only 4 processors in under
and hour. Another interesting experiment would be to recreate the algorithm but designed
for massive shared memory environments. This would allow us to only need to load one
instance of the graph. It would also eliminate the second h-relation in the algorithm thus
removing the additional communication needed.
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